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Introduction to Block C 


You met a formula for the 
gradient of a general 
quadratic function in 
Chapter B1. 


Block C is concerned with the subject of calculus. In mathematics, the 
word ‘calculus’ means ‘a systematic method for solving a certain type of 
problem’. But the word is most commonly used as a shorthand for the two 
related topics of differential calculus and integral calculus. These topics 
were developed in the seventeenth century, and since then they have been 
key tools in many branches of mathematics, science and technology. 


Here are some examples of the types of problem that calculus can help us 

to solve. 

1. How can we find the shape of the graph of a function and, in 
particular, how can we locate the points where the function takes its 
maximum and minimum values? 

2. How can we find the area of the plane that lies under the graph of a 
function and above the «x-axis, between two particular values on the 
a-axis? 

3. How can we approximate non-polynomial functions such as cos, In and 
arctan to suitable accuracy with polynomial functions? 


It turns out that these three apparently different problems have methods 
of solution that are closely related to each other, and these methods form 
the core topics of calculus. 


The first problem, about the shape of the graph of a function, is solved by 
using the process called differentiation, which enables us to find a formula 
for the gradient of the graph of the function. This topic is covered in 
Chapter Cl. 


The second problem, about the area under the graph of a function, is 
solved by using a process called integration, which is the opposite of 
differentiation, in a certain sense. This topic is covered in Chapter C2. 


‘The third problem about approximating non-polynomial functions by 
polynomial functions is solved in Chapter C3 by using both differentiation 
and integration. 


The history of the development of calculus in the seventeenth century is of 
considerable interest. The major figures involved were Sir Isaac Newton 
(1642-1727), in England, and Gottfried Wilhelm Leibniz (1646-1716), in 
Germany. But many other mathematicians played a role in the 
development, including Pierre de Fermat (1601-1665), in France. 


There is an optional video band on DVDO00115, band C(i) ‘The birth of 
calculus’, associated with this historical development, which you can watch 
at any time during your study of Block C. 


There are five sections to this chapter. They are 
intended to be studied consecutively in five study 
Sessions. 

Section 3 requires the use of an audio CD player, 
and Section 5 requires the use of the computer 
together with Computer Book C. 


The pattern of study for each session might be as 
follows. 


Study session 1: Section 1. 
Study session 2: Section 2. 
Study session 3: Section 3. 
Study session 4: Section 4. 
Study session 5: Section 5. 


Each session will require two to three hours, the 

longer ones being the second and third. 

The material in this chapter is self-contained. 

However, it is likely that you already have some 

familiarity with the following topics: 

© definition of the derivative of a function f, 
and its notations f"(«) and fa where 
y= f(z); 

© differentiating basic functions; 

© rules for differentiating sums, constant 
multiples, products, quotients and composites 
of functions; 

© stationary points, and the identification and 


location of local maxima and local minima of 
a function. 


These topics are in MST121 Chapter C1, 

mie optional Video Band C(ii) ‘Algebra Workout 
* could be viewed at any stage 

pat your study of this chapter. 


Introduction 


This chapter is concerned with the process of finding the gradient of a 
graph of a function at a given point on the graph. The value of this 
gradient is called the derivative of the function at that point. By finding a 
formula for the derivative of a function and working with this, we can 
make useful deductions about the behaviour of the function. The process 
of finding the derivative of a function is called differentiation. 


Section 1 defines differentiation, introducing various notations for the 
derivative, and obtains the derivatives of several important basic functions. 
Higher derivatives, arising from repeated differentiation, are also defined. 


Section 2 describes several rules for differentiating functions that can be 
recognised as sums, constant multiples, products, quotients, composites 
and inverses of other functions, These rules greatly extend the range of 
functions that can be differentiated, 


In Section 3 the process of differentiation is applied to help sketch the 
graphs of certain types of function, and a general graph-sketching strategy 
is given. 

Section 4 describes an important application of the derivative to the 


problem of finding approximate solutions to equations of the 
form f(«) = 0; this application is the so-called Newton—Raphson method. 


In Section 5 you will see that the computer can be used to carry out 
differentiation, and also to implement the Newton-Raphson method, 


1 Differentiation 


Earlier in the course you met a formula for the gradient of the graph of a See Chapter B1, 


quadratic function at a point on the graph; that is, the gradient of the Subsection 2.1. 
tangent to the graph at the point. It was shown that for the general The tangent is the unique line 
quadratic function f(x) = ax? + bx +c, the gradient of the graph of that ‘touches’ the graph at 
y = f(x) at the point (x, f(x)) on the graph is given by the formula the point. 
F'(ax) = 2ax +b. (1.1) 


then f'(x) = 2a, so the gradient of y = x” at the 
2, as illustrated in Figure 1.1. 


For example, if f(x) = a? 
point (1.1). say, is f“(1) 


Tangent 
at (1,1) 
has gradient 
fi) = 2. 


Figure 1.1 Graph of f(a) = x? and its tangent at (1,1) 


In this section we find such ‘gradient formulas’ for a wide range of basic 
functions. 


1.1 Derivatives 


The notation f’(x) is used generally to denote the gradient of the graph of 
a function f at the point (x, f(@)), whenever this gradient exists. For a 
given function f, we define f(x) as follows. Let A(a, f(x)) and 
Bla +h. f(a + h)) be two points on the graph of y = f(x). The chord that 
joins these two points has gradient given by 

f(v@+h) = f(x) 

h a 

If A and B are nearby points, so that / is small, then the chord AB 
approximates the tangent at A, as shown in Figure 1.2 overleaf. 
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In Figure 1.2 we have h > 0, 
so «+h lies to the right of x. 
If h <0, then x +h lies to 
the left of x, but the gradient 
of the chord is given by the 
same formula. 


f(z +h) — F(x) 
y= f(z) 


tangent at A} ; 
temett 
12) z ath z 


Figure 1.2 A chord that approximates the tangent at A 


Now consider what happens as h becomes arbitrarily small, but remains 
non-zero. Then the point B approaches A and the gradient of the 
chord AB becomes arbitrarily close to the gradient of the tangent at A. 
Therefore this gradient. f’(a) is defined by the limit 
We read the expression Fea Wein) 
‘i Mar) = li 3 Z P 
ln Fe) = jm (HE). (12) 


as ‘the limit as h tends to 0’, We call f'(a) the derivative of f at x. The process of finding the 
derivative f’(«) of a function / is called differentiation. If f can be 

In this chapter, ‘smooth’ is differentiated at each point of its domain, then f is said to be smooth or 

usually used. differentiable. 


The following example shows how to use the definition of the derivative. 


Example 1.1 Differentiation from the definition 


(a) Use equation (1.2) to differentiate the function f(a) = 2° 
(b) What is the gradient of the graph of y = x7 at the point (—2, 16)? 


Solution 
(a) To find f’(a), the derivative of f at x, we consider the quotient 
f(a@+h)— f(z) _ (@+h)*—2* 
h - h 
where h is a non-zero number. We need to find the limit of this 
See Chapter B1, quotient as h tends to 0, By the Binomial Theorem, 


Subsection 6.3. 
peecione (+h)! =a! +4e%h + Gx? + 4h? + hi, 


80. 
f(a+h)— f(a) _ (a +4arth + 6x7h? + dah + h*) — act 


h h 
= 4a? + 6x?h + dah? + h?. 


Now, as A tends to 0 each of the terms 622h, 4h? and h® tends to 0, so 
jim (4a° + 627h + 4h? +h*) = 4a, (1.3) 


Thus, by equation (1.2), the derivative of f at x is f'() = 4x. 


For the point (—2, 16) we have « = —2. Thus, by part (a), the gradient 
at (—2, 16) is 


f'(—2) =4 x (—2)8 = 32. 
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Comment 


In deducing equation (1.3), two unstated ‘rules’ for limits were used. These 
rules concern limits of functions which are ‘sums’ and ‘constant multiples’, 
and they can be stated informally as follows: 


lim (F + G) = lim F + limG 
and 

lim(eF) = clim F. 
Here F and G are functions and c is a constant. We often use such 
‘obvious’ rules when working with limits, but we shall not refer to them 
explicitly, nor to the rules for limits of functions which are ‘products’ or 
‘quotients’: 

lim( FG) = (lim F)(lim G) 
and 


Pn Ee lim F A f 
lim (3) = ima’ provided that. limG 4 0. 


In the following activity you are asked to use equation (1.2) to differentiate 
the function f(«) = 1/2*, whose graph is shown in Figure 1.3. 


Activity 1.1 Differentiation from the definition 


Consider the function f(«) = 1/x? and suppose that x # 0. 
(a) Show that ifh 4 0 and a+h #0, then 
f(@+h)— f(z) _ -2r—-h 
h (a+ h)?a?” 
(b) Hence determine f(x). 
(ec) Calculate f'(2) and f'(—1), and sketch the corresponding tangents in 
Figure 1.3. 


T rr 
—2 =i 0 


Figure 1.3 Graph of f(x) = 1/2 


Solutions are given on page 52. 


The domain of the function 
f(2=2 is R except 0, by 
the domain convention (see 
Chapter B1, Subsection 1.1). 
This set is also the domain of 


f'(x) = -2/2°. 


Often the word ‘derivative’ is 
also used to refer to the 
‘derived function’, 


dy . 
The symbol < is a complete 
symbol, not a fraction, and is 
pronounced as ‘dee-y by 
dee-x’. 


This matches our previous 
definition of f’(x) in 
equation (1.2), with h 
replaced by 62 and 

S(a +h) — f(a) replaced 
by dy. Note that 52: and dy 
are complete symbols, not 
products. 


When ¢ represents time, the 
derivative f'(t) is sometimes 
written as 4, which is an 
example of Newton's 
notation. 
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The derivative of a function f defines a new function, denoted by /’; this 
function is called the derived function of f. For example, from 
Activity 1.1 it follows that the derived function of f(a) = 1/z? is 


In practice, the domain of the derived function f’ of a function f consists 
of those points in the domain of f where the derivative of f exists. 


Leibniz notation 


There is another notation in common use for derivatives, due to Leibniz. If 
y is a dependent variable which is expressed as ‘a function of’ the 
independent variable x in the form y = f(«), then the derivative f’() is 


di 
written as Aa For example, 


d, i Bes . fF ; 

Informally, oY ig called ‘the derivative of y with respect to 2’. This 
notation arises from the definition of the derivative given by Leibniz, which 
is 

U oy 

oY = tim SY. 

dy 620 dr 
Here dx denotes a small change in the variable x and dy denotes the 
corresponding change in the variable y. Thus the derivative can be 
interpreted as the instantaneous rate of change of y with respect to a, 


A useful variation of the Leibniz notation is 


d / 
af) tomean f' (x). 


When the derivative for a particular value of x is required, these notations 
can be adapted as follows: 


f(a) = dy 


ema 

These notations apply also to other variables. For example, if s = f(t), 

then 
ds_d 


5 = gO =10. 


1.2 Some basic derivatives 


In this. subsection, the derivatives of various basic functions are obtained. 


Constant functions 


The graph of a constant function is horizontal, so the tangent at each 
point is horizontal; see Figure 1.4. 
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horizontal tangent 


Figure 1.4 Graph of f(x) =c 


Thus the gradient of this graph is 0 at all points. 


If f(x) =, where c is a constant, then f/(x) = 0. 


Power functions 
You have seen several examples of the derivatives of power functions, 
which have the form f(x) = x", where n 4 0; for example, 


if f(x) =a, then f(x) = 42%. 


The general rule for differentiating a power function is as follows. 


Here the domain of f depends 
If f(a) = 2", where n £0, then f’(a) =ne"~!. on n; for example, if n = 4, 
then the domain is R, 
whereas if n = —5, then the 
For example, for the power function domain is (0,00). 


f(z) = a a 


ii =—1. g 
the power is n = —}, so 


f(a) = — ba V2! = 1-9/2 = 


This example illustrates the fact that, although we usually avoid negative 
powers when displaying the rule of a function, such powers are needed 
when finding derivatives. 


Activity 1.2 Differentiating powers 


Differentiate each of the following functions. 


(a) f@)=2 —(b) fe) = 


Solutions are given on page 52. 
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mmm OE _____ 


Other cases are justified later 
in the chapter. 


If n = 1, the calculation is 
simple: 
(z+h)—2 _ 


i 1, 


As h — 0, # remains constant. 


You will not be expected to 
produce such reasoning. 


See Chapter A3, 
Subsection 3.2. 


You may like to evaluate 
these quotients for h = 0.01 
and h = 0.001, say, to gain an 
idea of their behaviour for 
small values of h. 
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In the case when 7 is a positive integer, the rule for differentiating powers 
can be justified by using the Binomial Theorem. If f(r) = 2" and h is a 
non-zero number, then 
flw+h)—f(@) _ (e+h)"—a" 
h h 
_ (a 4° Ca" 4" Ona" 2h? 4 ++ + AM) — 2" 
os h 
=" Oya") 4" Oga"-2h $e $HPO} 
=ne")4"Oya" 7h ++ +h", 


(1.4) 


since "C', =n. In the final expression in equation (1.4), all terms except 
the first include a positive power of h and so they each tend to zero as h 
tends to zero. Thus 
f'(x) = lim (Ae fe) sks A) =nz"!, 
h-0 h 


as required. 


Sine and cosine functions 


Next, consider the sine and cosine functions. The limits and algebra 
involved here are not straightforward, but try to follow the reasoning given 
to justify the result for the sine function. 


If f(x) = sina, then f'(x) = cosx. 


We have to consider the quotient 
f(@+h) — f(x) _ sina +h) —sine 
h - h : 
where h is non-zero. Since sin(x +h) = sina cosh + cosa sinh, we obtain 


f(a@+h)— f(x) _ (sine cosh + coswxsinh) — sine 
h ki h J 
There is no convenient cancellation of h in the right-hand expression, as in 
earlier cases, Instead we collect like terms to give 


S(@+h) — f(x) cuit) (= - 2) siete (=) ; (1.5) 
h h h 
Now it will shortly be shown that 
‘i cosh—1\ _ : sinh 
lim (==) =0 and lim = (1.6) 


Using these limits we obtain, from equation (1.5), 


Hn) = jim (fet) - £@) 
Fe) = jm (72) 
. -. (cosh = 1 . (sinh 
=sinz lim (=) + cos x lim F) 
h=0 h n0\ h 


=sing x 0+ cosa x1 
= cosz, 


as required. 
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To evaluate the two limits in equation (1.6), we use a geometric argument. 
Consider a circle of radius 1 and a small acute angle of @ radians at: the We use @ rather than h since 
centre, subtended by an are AB, as shown in Figure 1.5(a). this is a geometric argument. 


om 


(a) 
Figure 1.5 (a) Sector OBA (b) Triangles OBC and ODA 


Now draw lines BC and DA perpendicular to OA, with OBD forming a 
straight line, as shown in Figure 1.5(b), Then triangles OBC and ODA 
are right-angled. In AOBC, OB has unit length so BC has length sin@ 
and OC has length cos @. In AODA, OA has unit length so AD has length 
tan@. From Figure 1.5(b), we can see that 


area of AOBC < area of sector OBA < area of AODA; iThwarcn GPa ssctor ofa eirela 


that is, of radius r subtending an 
2 angle @ at the centre is $770. 
tsin@cosé < 30 < }tand. 


On multiplying these inequalities by 2/sin 0, we obtain Since 0 <6 < }7, we have 
0 1 sind > 0. 
cos8'< —— < —. 
sin? ~ cos@ 


As @— 0, we have cos@ — cos(0 = 1, so the quotient @/ sin @ is trapped 
between two expressions both of which tend to 1. Thus 


. Ui) 
tim (Sa) oe 


Hence In this argument @ tends to 0 
sin@ through positive values, but 
lim (——) =1, (1.7) A ‘ fi 
oo @ sin(—#) _ sind _ sind 
(-)) -6 6° 


as in equation (1.6). 
Next we evaluate Jim (cosh —1)/h). Here we use an algebraic argument, eo ies males ia enero 


together with the limit in equation (1.7). First, recall the half-angle 
formula 


sin?(30) = 4(1 —cos@). See Chapter A3, 
P = Subsection 3.3, 
This formula gives 


1—cos@ _ 2sin?(10) _ (9) x 


a a) 19 


Now, by equation (1.7), 


rf } 
lim ue) Sty tim (=S**) =17 x00, 19-+0 as 60, and vice 
La We a=0/\ 0 versa. 


as stated in equation (1.6). 
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See MST121 Chapter A3, 
Subsection 3.2. 
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Similar reasoning can be used with the cosine function to give the 
following result; the details are omitted. 


If f(x) = cosa, then f'(a) = —sinx. 


Exponential and logarithm functions 


Figure 1.6 shows the graphs of the functions f(x) = a”, for the values 
a=l,a=2anda=3. 


7 
-1 


ay 


0 
Figure 1.6 Graphs of exponential functions 


The graphs all pass through the point (0,1), since a” = 1 whenever a 4 0. 
The broken line that represents the graph of y = « + 1 also passes through 
the point (0,1). 


It appears from Figure 1.6 that the greater the value of a, the steeper the 
graph of y =a" at the point (0,1). By comparison with the graph of 

y =a +1, which has gradient 1 everywhere, it can be seen that the 
gradient of the graph of y = 2” at (0,1) appears to be less than 1, whereas 
that of y = 3* appears to be greater than 1, This observation suggests that 
for some a between 2 and 3, the gradient of the graph of y = a* at (0,1) is 
exactly 1. The number with this property is called ¢ and its value as a 


decimal is 2.718281.... Thus for the particular function f(x) =e", we 
have f’(0) = 1, so 
fet ; 4 
sn ( ; )=r0)=1 (1.8) 


The graph of the function f(x) =e” is shown in Figure 1.7. 
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vA 


Tangent at 
(0,1) is 
y=otl 


Figure 1.7 Graph of f(a) = e* 
The derivative of f(a) = e* can now be found at other points; 


fa) = jn (£2+ 8-10) 


enth -e" 
= lim {| ———— By a rule for powers, 


orth — pth, 


A 
=e" lim (< ‘) =e", 
hd h 


by equation (1.8). Thus we have obtained the following result. 


If f(x then f’ 


So the derived function of the exponential function f(x) = e” is itself! This 
is the reason why the number e is so important. 


Last on our list of basic functions is f(«) = Ina, the inverse function of the The term ‘inverse function! 
exponential function. For the moment we just state the derivative of this was defined in MST121 
function. which will be obtained in Section 2 using a rule for differentiating Chapter A3, Subsection 4.1, 
inverse functions. 


Tea ine, then thie ap anys Note that the domain of 
© fle) = Inz is (0,00), and this 
interval is also the domain 


: " : repo : F ‘ of f'. 
Here is a list of the ‘basic derivatives’ introduced in this subsection. f 
Table 1.1 
-__O A more extensive list is given 
Function f(a) Derivative f’(x) in Section 2. 
c 0 
a” nan) Here n is a non-zero constant, 
sina cos © 
cos x —sing 
e e 
Ing 1/a (x >0) 
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We say ‘f double-prime’ or 
‘f double-dash’. 


The notations f” and f@ 
are both used for the third 
derivative. 


We say ‘dee-two-y by 
dee-x-squared’, and so on. 
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Higher derivatives 


When we differentiate a smooth function f, we obtain the derived 
function f’. It is sometimes useful to differentiate the derived function f’ 
to give a function f” called the second derived function. The value of 
f” at a given point is called the second derivative of f at that point. 
For example, if f(a) = 2? then 

f'(c)=22, so f"(z)=2. 
If the differentiation process can be applied n times, then we obtain the 
nth derived function, which is denoted by f(. The value f(x) is 


called the nth derivative of f at x. If f can be differentiated n times at 
each point of its domain, then f is said to be n-times differentiable. 


Such derivatives are called higher derivatives of f. The corresponding 
Leibniz notation for higher derivatives is 


and so on. 


Activity 1.3 Finding higher derivatives 


(a) Given that f(a) =e", use Table 1.1 to write down 


f(a), f"(@) and f(a). 


5 dy tig 
(b) Given that y = sin, write down & and ue 
dx dx? 


Solutions are given on page 52. 


Summary of Section 1 


This section has introduced: 


© differentiation of a function f to find the derivative f’(a), which is the 
gradient of the tangent to the graph of f at the point (7, f(x); 


© standard notations used for differentiation; 


° 


derivatives of several basic functions; 


° 


higher derivatives, and the notations for these. 


Exercises for Section 1 


Exercise 1.1 


Consider the function f(x) = 2° + 2x. 


(a) Show that if h #0, then 
f(c+h)— f(x) 

h 
(b) Hence determine f’(x). 


= 8x? + 3ah +h? +2. 


Exercise 1.2 

(a) Given that g(t) = Int. write down g'(t) and g"(t). 

ds d*s d's d's 
aed @® and are 


(b) Given that s = ¢*, write down 


2 Differentiating combinations of functions 


Starting from the known derivatives of the basic functions in Section 1, we 
can differentiate many more complicated functions, such as 


f(a) = Vx? + 1 cos(2z). 


We differentiate such a function by analysing how f(«) is built up from 
basic functions and then applying the appropriate differentiation rules. 


2.1 Sum and Constant Multiple Rules 


Sums and constant multiples of functions can be differentiated using the 
following rules. 


Sum Rule 


If k is a function with rule of the form k(«) = f(x) + g(x), where f 
and g are smooth functions, then / is smooth and 


K(x) = f(x) +9{(2). 
Constant Multiple Rule 


If k is a function with rule of the form k(x) =cf(«), where f is a 
smooth function and c is a constant, then k is smooth and 


k(x) = cf’ (x). 


These two rules are often applied in combination, For example, if 
k(x) 


then k(x) = f(x) +c9(x), where f(x) = 27, g(x) = sina and c= 3. Since 
f'(x) = 2x and g'(x) = cosx, the Sum and Constant Multiple Rules give 


3sina, 


k(x) = 22 + 3 cosa. 


These rules are usually applied without referring to them explicitly and 
without giving names to the constituent basic functions. 


Activity 2.1 Using the Sum and Constant Multiple Rules 


Differentiate each of the following functions. 
(a) k(x) = 4 +2inz (b) f(t) =5e' — cost 


Solutions are given on page 52. 
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An outline proof of the 
Product Rule is given in 
Subsection 2.5. 


Note that if x is in the 
domain of k, then g(«) 4 0. 
This condition follows from 
the domain convention, 


Here the domains of k and k’ 
are both the set of numbers x 
for which sina # 0. 


These rules are sometimes 
written in the forms 

dy dv. du 

dx “de "de 


and 
vt 
dy da 
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2.2 Product and Quotient Rules 


Products and quotients of functions can be differentiated using the 
following rules. 


Product Rule 

If k is a function with rule of the form k(a) = f(a)g(x), where f and 

g are smooth functions, then k is smooth and 
K(x) = f"(a)g(a) + f(a)g'(o). 

Quotient Rule 


If k is a function with rule of the form k(x) = f(x)/g(x), where f and 
g ave smooth functions, then k is smooth and 
g(x) f(x) = f(x)g'(2) 

(g(a)? 


(2.1) 


Ki(a) = (2.2) 


For example, the function k(x) “sina is the product of the basic 
functions f(a) =a? and g(x) = sina. Now f’(x) = 2x and g'(x) = cosa so, 
by the Product Rule, 
Ki (a) = f'(x)g(x) + f(a)g'(a) 
= (2x)(sin x) + (*)(cos x) 
= 2rsinw + x* cosa. 


On the other hand, the function &(«) = «?/sinw is the quotient of the 
functions f(x) = x? and g(x) =sinz. Thus, by the Quotient Rule, 


a) f"(a) — f(a)g'(x) 


ss (ote)? 
_ (sinw)(2a) — (e?)(cos) _ 2asina — x? cost 
a (sin a)? . sin? x 


Although the Product Rule and Quotient Rule are more complicated than 
the Sum and Constant Multiple Rules, you should aim to be able to use 
them without assigning names to the constituent functions. Also, although 
it is not essential to make reference to these rules when you are using 
them, you may find it helpful to do so. 


You may find the following versions of equations (2.1) and (2.2), in Leibniz 
notation, easier to work with. 


Product Rule (Leibniz form) 
If y = uv, where u= f(x) and v = g(x), then 
dy _ du du 
dx de dx" 
Quotient Rule (Leibniz form) 
If y=u/v, where u = f(a) and v = g(x) 4 0, then 


dy 1 ( du -u2) 
dx \"de de)” 
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d 
The notation —(_) is especially useful when applying these rules. For 


example, for the function f(a) = (sinr)/2, we take u = sina and v = x, to 
obtain 


ee cers x) — sin ey 
fila) = d (=*) dz dz 
dx \ x rc? 


nae 


Activity 2.2 Using the Product and Quotient Rules 


Differentiate each of the following functions using the Product Rule or 
Quotient Rule, as appropriate. 


(a) k(x) = (a? -1)(a? +242) — (b) k(x) =~ —— 


fe 


(0) f(x) =e*cose (A) g(t) = 


Solutions are given on page 52. 


Comment 


In part (a), an alternative method is first to multiply out the product and 
then differentiate the resulting quartic polynomial. 


The solutions indicate that after applying the Product Rule or Quotient 
Rule, we may need to simplify the resulting expression; for example, we 
often collect like terms, take out common factors and cancel. 


The Quotient Rule can be used to establish several basic derivatives. For 

example, in Section 1 it was shown that for the function f(a) = a2", where 
n is a positive integer, we have f'(2) =nwx""'. A proof of this rule for the 
case of negative integers can now be given. 


Suppose that f(a) = x", where n is a negative integer. Then n = —m, 
where m is a positive integer, so 


og 


By the Quotient Rule, 


Now 21/2" = git—1-2m = p-m-1, go 
» ie 


as required. 


==ma-""! =na" (since n =—m), 


We can also obtain the derivatives of the functions tan, cot,sec and cosec, 
since these trigonometric functions have rules that are quotients: 
sin cos 2 1 
tana = , cotz=——, secr= yy Coxe 2 = ——, 
cos x sin cos x sing 


‘Try to answer parts (c) 
and (d) without assi 
names to the constituent 
functions. 


ning 
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You are asked to establish the 
derivative of the function 
cosec in Exercise 2.2(a). 


In Activity 2.3(a) you found 
that 


1 , 
ap (tana) = sec? x. 


Read g(f(w)) as ‘g of f of 2’. 
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Activity 2.3 Derivatives of trigonometric functions 


Use the Quotient Rule to establish each of the following derivatives. 


(a) eae) = sec? ax (b) (cot) = —cosec? x 


da 
6) Seman tan 
c aa ©) =secrtanr 


Solutions are given on page 53. 


To differentiate some functions we have to use more than one rule, or make 
repeated use of the same rule. For example, the function 


f(a) =2' sina cosr 


is a ‘triple product’. To differentiate the function f, we first treat it as a 
product of two functions, such as 


f(z) = (x sinx) cos x. 


We obtain, by the Product Rule, 
d d 
_ a Ah otisia Sa wigs, ," 7 
f= PGs sin x) cos x + (x sin) 7 (cos). 


Now g(x) = x‘ sin x is also a product, so a further application of the 
Product Rule gives 
f'(w) = (4x° sin x +4 


= «4(cos? « —sin® x) + 4x° sin x cosx. 


4 cos) cosx + a sina(— sina) 


Now try some ‘mixed’ functions for yourself. 


Activity 2.4 Differentiating mixed products and quotients 
Differentiate each of the following functions. 
(a) f(c)=ate*sinzg (b) f(x) = paiva 


1+2? 
Solutions are given on page 53. 


2.3 Composite Rule 


As you saw in Chapter B1, a function & with a rule of the form 

k(x) =.9(f(x)), where g and f are functions, is called a composite 
function, known informally as a ‘function of a function’. To differentiate 
such functions, we use the following rule. 


Composite Rule 
If k is a function with rule of the form k(x) = g(f(x)), where f and g 
are smooth functions, then & is smooth and 


k(x) = g'(f(@))f'(x). (2.3) 
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For example, the function k(x) = sin(x?) is of the form k(x) = g(f(x)), 
where the ‘inner’ function is f(«) =x? and the ‘outer’ function is the sine 
function. When first learning to use the Composite Rule, it is helpful to 
use an intermediate variable, u say, to label the output of the inner 
function f(a); that is, we write 
K(x) = g(f(z)) =g(u), where w= f(x). 
For the example (a) = sin(z*), we have 
k(x) =g(u) =sinu, where u= f(x) = 27. 
Now 
g(u)=cosu and f'(x) = 2a, 
so, by the Composite Rule, 
R(x) = 9'(F(a)) f(a) 
= 9'(u)f'(x) 
= (cos u)(2x) 
= cos(x*) x Qa 
= 22 cos(x*). 
As you become more familiar with applying the Composite Rule, you 
should find that you can write down the derivative of a simple composite 


function by first differentiating the outer function as if its argument were a 
single variable and then multiplying by the derivative of the inner function, 


The Leibniz form of the Composite Rule is particularly memorable. In this 
form the result is often called the Chain Rule. 


Chain Rule (Leibniz form of Composite Rule) 
If y = g(u), where u = f(x), then 


=o ae al Although this equation looks 
dx du dx like a statement about 
fractions, recall that the three 
symbols for the derivatives 
are complete symbols. 


For example, to differentiate the function k(x) = sin(a*) using the Chain 
Rule, we decompose y = sin(zx?) as 


y=sinu, where u=<?. 


Then 
iy Uae 
da ot and aE =2z2, 
so, by the Chain Rule, 
dy — dy du _ er 
FE (cos u)(2x) = 2x cos(«”), 
as above. 


Activity 2.5 Using the Composite Rule 


Differentiate each of the following functions. 

(a) k(x) =e!/* (b) k(x) = cos(3x) 

(c) f(x) = Vsine (d) g(t) = In(—2t) Try to answer parts (c) 
and (d) without ning 
names to the constituent 
functions. 


Solutions are given on page 53. 
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Note that the derivative of 
In(azr) does not involve a. 


Recall that Ina is the unique 
number y such that e” = a, so 
elN” = a, for « > 0. See 

MST 121 Chapter A3, 

Section 4. 
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Comment 
© The Chain Rule can also be used to differentiate each of the above 
functions, and you may prefer this approach. For example, for part (a) 
we write y = k(x) = e!/* as 
y=e", where u=1/r, 
Then 


dy =e" and 
du 


so, by the Chain Rule, 
hi d 1 Afar 
digo = Ho (ee 
dx duda a a 
© Parts (b) and (d) illustrate how the Composite Rule enables us to 

generalise somewhat the basic derivatives given in Section 1, to cope 
with functions such as sin(a2),cos(ax),e** and In(aw), where a is any 
non-zero constant. For suppose that the derivative of a function g is 
known, and that the function k is defined by k(x) = g(ax). Then we 
can apply the Composite Rule with inner function f(7) = ax to obtain 


k(x) = g'(ax)J'(x) = ag'(ax), 


since f"(x) =a. 


This result gives 
d 


(cos(ax)) = —asin(ax), 
da 


£ (ein(az)) = acos(axr), 


d (00) — ger a Ege 
a j= ae and qq in(ax)) =a 


Eee eee 


The Composite Rule can be used to establish another basic derivative. 
Earlier, we saw that the rule 


if f(x) =a", then f’(x) =nx"™! 


is true when n is a non-zero integer. This rule can now be established 
when n is a real number that is not an integer. In order to do this, we use 
the fact that e!"" = x, for a > 0, to write: 


f(z) =a" =(e™")"=e"™", fora >0. 


Then, by the Composite Rule, 


rane (ae(E 


as required. 


=ne""', fora>0, 


In the next activity, you are asked to differentiate functions whose rules 
involve a composite and also a product or quotient. For example, the 


function 
cos(a?) 


12) = 


is a quotient, and the ‘top’ function is a composite function. 
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(Quotient Rule) 


re Daeetin (ee Nie 2 

2 a la (Composite Rule) 

—2x? sin(a?) — cos(x?) 
Pia 


4 Z 
—2sin(«?) — =e cos(x), The simplification in this final 
be 4 # : ; ; line is not essential. 
It is important to analyse such mixed functions carefully before applying 
the rules. For example, 
© k(x) = e**"* involves a composite and a product, whereas 


© k(x) =e* sin involves just a product. 


Activity 2.6 Further mixed functions 


Analyse and then differentiate each of the following functions. 


(a) fe)=2e" (0) fee) = 
{c) f(x) =cos((« + 4) secx) (d) f(x) = V2? + 1 cos(2r) In Activity 2.3(c) you found 


Solutions are given on page 54. that 


1 
Covbnedt ay (see) = seer tan x. 
c 
The solution to part (c) illustrates the fact that when differentiating a 
function whose rule involves an expression of the form x +a, where a is a 
constant. no extra term arises from differentiating 2 +a, because 


i +a) =1. For example, if f(a) = sin(z +2), then f’(a) = cos(x + 2). 


2.4 Inverse Rule 


In Section 1 you met the basic derivatives 


fie) =e" and <nz) = *. (2.4) 


The functions f(a) = e* and g(x) = Inz are closely related, since they are 
inverse functions of each other. This means that each function ‘undoes’ the See MST121 Chapter A3, 
effect of the other, in the sense that Subsection 4.3. 


flg(«)) =e" =2 and g(f(e)) = In(e*) 


we write f-! =g and g-'=f. 
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Recall that the domain of the 
function In is the set of 
positive real numbers. 


Note that, for all y we have 


r=e £0. 


The domain of the derivative 
of In is the same as the 
domain of In, 
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It is likely that there is a close connection between the derivatives of any 

pair of inverse functions, but none is immediately apparent in 

equations (2.4). We can establish such a connection for any pair of 

functions f and g that are inverses of each other by using the identity 
f(g(@)) = 

By the Composite Rule, 

d 

a F(9@))) = F(9(@))9' a), 

so differentiating the functions in equation (2.5) gives 


F(o(2))9'(e) = Ale) = 1. 


Thus we obtain the following connection between the derivatives of a pair 
of inverse functions. 


(2.5) 


Inverse Rule 
If g is a function with rule of the form g(a) = f~'(«), where f is a 
smooth function, then 
1 
'(x) = (f-')'(«) = =——,_ provided that f’(g(x 0. (2.6 
g(x) = (FY @) Fuay » f'(g(a)) #0. (2.6) 


Once again, there is a memorable Leibniz version of this rule, which is 
usually more conyenient to use, It can be expressed as follows. 


Inverse Rule (Leibniz form) 
If y = g(x) where g = ‘f~!, soz = f(y), then 


dy _, dx ' da: 
rate sit provided that a #0. (2.7) 


dy 


is the derivative of the function g = f~' 


di 
Here at a, and ae is the 
I dy 
derivative of the function f at the corresponding value y = g(x). 


Let us see how the Inverse Rule works for the function g(«) = In«, which 
is of the form g(a) = f~'(w) where f(x) =e*. If y = g(x) = Ina, then 


% =e, 80 = =e", Thus equation (2.7) gives 


d 1 
(x) = —(Inz) ==, 
9 (@) = (nz) = = 
as in equations (2.4). In this calculation, it was straightforward to obtain 
di : 5 2 
the expression = in terms of x, but often this requires more work, as in 


the following example. 
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Example 2.1 Using the Inverse Rule 


Sketch the graph of the function g(x) = aresin x, and find g'(x). 


Solution 


Since g is the inverse function of f(«) = sinw (x € [—}m, 47]), its graph is 
as follows. 


Figure 2.1 Graph of g(x) = aresina 


lar 
If y = g(x) = arcsinz, then 2 = siny, so eet cosy. Thus, by the Inverse 


dy 
Rule, 


dx 1 5 
dy J aay provided that cosy 4 0, 


To express cos y in terms of «, we use x = siny and the identity 
cos’ y +sin® y = 1, We obtain 


cosy = +1/1—sin?'y=+V1—2?. 


Now the + sign must be chosen here because cos y is never negative in the 
interval [—}7, 47], where y lies. Thus 


w = J provided that « 4 +1, 
so 

g(x) = ere for -l<a2<1. (2.8) 
Comment 


© It is possible to check that this answer is reasonable by comparing it 
with Figure 2.1. When a = 0, equation (2.8) gives the value 1, which 
agrees with the gradient at (0,0) on the graph. As x increases from 0 
towards 1, the value of 1//1 — 2? increases and becomes unbounded 
as x approaches 1. On the graph, you can see that the curve and 
hence the tangent become steeper, approaching vertical near the 
endpoint (1, 37). 

© It follows from equation (2.8) that the domain of g’ is the open 
interval (—1, 1), whereas the domain of g is the closed interval [—1, 1], 
as shown in Figure 2.1. 


See MST121 Chapter A3, 
Subsection 4.2. 
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See Chapter A3, 
Subsection 3.1. 


Here n # 0. 


The condition ax > 0 means 
that the domain of the 
derivative of the function 
f(w) = In(az) is 
(0,00), ifa>0, 
(-co,0), ifa<0. 
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Here are two further inverse functions for you to differentiate, 


Activity 2.7 Using the Inverse Rule 


For each of the following functions g, sketch the graph of g and find g'(). 
(a) g(a) = arccos2, the inverse function of f(a) = cosa (x € [0,7]). 

(b) g(a) = arctan z, the inverse function of f(x) = tang (x € (—}7, 47)). 
(Hint: In part (b) you can use the identity 1+ tan? @ = sec” 0.) 


Solutions are given on page 54. 


—— 


Here is a list of the basic derivatives with which you need to be familiar. 


The non-zero constant a does not appear in all cases, to help keep the 
table simple. The cases that feature a are obtained from entries in 
Table 1.1 by use of the Composite Rule, as in Activity 2.5(b). 


Table 2.1 
Function f(a) Derivative f(x) 
c 0 
an idee 
sin(ax) acos(ax) 
cos(ax) —asin(ax) 
eae ae” 
el 
In(aa) B (ax > 0) 
tana 
cote 
sec x 
cosec @ 
aresin © 
arccos © 
arctan © 


These basic derivatives can be used in combination with the various rules, 
given earlier, to differentiate a wide range of functions. For example, to 
find the derivative of 

f(a) = arctan(a* + 1), 
we write 

f(w) =arctanu, where u =x" +1. 


Then, by the Chain Rule, 


F@)\= CS Racy ee 


du dx 
1 .2 
Ee 
es Bice 3a? 
~ TH+)? 28 -pon8 42 
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Here are two similar types of function for you to differentiate. 


Activity 2.8 Further composite functions 


(a) Find the derivative of the function f(x) = arcsin(«*). 
(b) Find the first and second derivatives of 
f(x) = arctan(42). 


Solutions are given on page 55. 


The final activity in this section asks you to differentiate some other 
functions, which are fairly common but are not on the list of basic ” 
derivatives. 


Activity 2.9 Other common derivatives 


(a) Find the derivatives of 
f(z)=a* and f(x) =log, 2, 
where a is any positive real number other than 1, 
(Hint: You can use the identity a” = e?!"*.) 
(b) Find the derivative of the function 
f(z) =In|a| (a #0). 
(Hint: You can use the fact that In |2| = Ine, for a > 0, and 
In |a| = In(—wr), for x < 0.) 
Solutions are given on page 55. 


Comment 


The derivative obtained in the solution of part (b) will play an important 
role in Chapter C2. 


2.5 Proving the differentiation rules 


In this subsection an outline proof is given of the Product Rule. Similar 
proofs can be given of the other rules that have been introduced in this 
section. 


Suppose that / is a function with rule of the form h(a) = f(x)g(x), where 
f and g are smooth functions. We need to evaluate 
(“ +h)- Ke) 


k(c)= lim h 


h—-0 


The function log,, was defined 
in MST121 Chapter A3, 
Subsection 4.3, 


This subsection will not be 
assessed. 


27 


28 


CHAPTER CI DIFFERENTIATION 


Now 
k(a+h)—k(a) _ f(v@+h)o(a+h) — f(x)9(x) 
h - h 
We modify the right-hand side to include the expressions 
f@+h)=f@) .,4 se+h)—ale) 
h h 
because the rule for k’(x) involves f(x) and g'(x). 


To do this, we add and subtract f(a)g(x +h) in the numerator: 


k(w@+h)—k(x) _ f(e+h)g(e+h) = f(w)o(@ +h) + f(x)g(e +h) = f@)g() 


h h 
~ (SEt=19) gern fe) 


As h — 0, we have g(a +h) — g(a) and the two quotients tend to f’(x) 
and g'(«), respectively. Thus 


W (2) = im (SEAN MED) | payg(n) + seo"), 


as required for the Product Rule. 


(e a 4 za ae) ; 


Summary of Section 2 


This section has introduced: 


© the Sum Rule, Constant Multiple Rule, Product Rule, Quotient Rule, 
Composite Rule (Chain Rule) and Inverse Rule for differentiating 
functions that are defined in terms of other more basic functions; 


© a table of basic derivatives; 
© an outline proof of the Product Rule. 


Exercises for Section 2 


Exercise 2.1 


Differentiate each of the following functions. 


(a) f(w)=2lna—Baresine (b) f(x)=a2%tane (c) g(t)= 
(a) f(z) =sin(1/z) — (e) f(x) = cos?(3z) 


of) =e 


(h) f(x) =arctan(e*) — (i)_-A(t) = 2sin(t + 1) — tcos(t? — 1) 


(0<y<4n) (g) k(t) = sin(t*) cost 


Exercise 2.2 

(a) Use the Quotient Rule to establish the following derivative. 
d 
ae (cosec 2) = —cosec x cot x 


(b) Use the Composite Rule to establish the following derivative. 


te (aresin ()) rs 
dx a}} 


where a is a positive constant. 


(-a<2<a), 


3 Graph sketching 


To study Subsection 3.2 you will need an audio CD player and CDA5494. 


In this section differentiation is included as one element of a general 
strategy for sketching the graphs of many functions. The aim of sketching 
the graph of a function is to provide a visual summary of the main 
properties of the function. Consider, for example, the function 


Figure 3.1 Graph of y = 1/(1 —«?) 


Several key properties of the function f can be seen as features of the 
graph in Figure 3.1. 
1. The domain of f consists of the intervals (—0o,—1), (—1,1) and (1,00). 
2. The graph is symmetric under reflection in the y-axis. 
3. The function f has y-intercept 1 and no 2-intercepts. 
4. The function f takes positive values on (—1,1), and takes negative 
values on (—90,—1) and (1,00). 
5. The function f is increasing on (0,1) and (1,00), and decreasing on 
(oc, -1) and (—1,0). 
6. The function f has vertical asymptotes « = 1 and x = —1, and An asymptote is a line which 
horizontal asymptote y = 0. a curve approaches 
(arbitrarily closely) far from 
the ori; see Chapter A2, 
Subsection 2.2. 


Our graph-sketching strategy aims to show properties of these types. 
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See Chapter BI, 
Subsection 1.1. 


The function f(x) = 0 is both 
odd and even, 


Recall from Chapter B1 that 

the symbol € may be read as 
‘in’ or ‘belongs to’, depending 
on the context. 


We have e~! = 0.367... 
and e! = 2,718... 
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3.1 Determining features of a graph 


In this subsection the various possible features of a graph are discussed in 
turn before combining these into a strategy. Activities involving the 
strategy are given in Subsection 3.2. 


Domain 


When the domain of a function is not specified, the convention is used that 
the domain is the largest possible set of real numbers for which the rule is 
applicable. 


‘Symmetry’ features 


If the graph of a function f is unchanged under reflection in the y-axis, as 
in Figure 3.2(a), then f is said to be an even function. Thus f is even if 


J(—«) = f(x), for all x in the domain of f. 


(a) (b) 
Figure 3.2 (a) Aneven function (b) An odd function 


If the graph of f is unchanged by rotation through the angle 7 about the 
origin, as in Figure 3.2(b), then f is said to be an odd function. Thus f is 
odd if 


{(-v) =—f(a), for all 2 in the domain of f. 
For example: 
© f(x) =? is an even function, since 
f(—2) = (-2)? =2? = f(x), fore R; 


© f(x) =sinz is an odd function, since 


2 


. f(-a) =sin(—x) = -sina=—/f(a), fora eR; 


© f(a) =e” is neither even nor odd, since we can find a value of x, say 
a = 1, such that e~* # +e*. 
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Intercepts 


An intercept is a value of x or y at which a graph y = f(a) of a function 
f meets the x- or y-axis, respectively. The x-intercepts are the solutions (if 
any) of the equation f(a) = 0, also known as the zeros of f. The 
y-intercept is the value f(0); see Figure 3.3. 


y-intercept y= f(z) 


z-intercepts 


ay 


Figure 3.3 Intercepts 


It is usually straightforward to calculate the y-intercept f(0), but for some 
functions f the «-intercepts are difficult to find, since the equation 

f(x) =0 must be solved. In cases where this is difficult, it is useful to 
locate approximately the zeros of the function f by finding intervals in 
which the values of f change sign. For example, consider the function 
f(x) = 2° — 3x —3. Since f(2) =—1 and f(3) = 15, f has a zero in the 
interval (2,3). 


Intervals of constant sign 
Closely related to the «-intercepts of a function are the intervals on which 
the function has constant sign. We say that f is positive on an interval [ 
if 

J(a)>0, for alla €J, 
and that f is negative on J if 

f(a) <0, for alla € J. 


Sometimes we can find such intervals by factorisation and use of a ‘sign 
table’. For example, we can express 
f@)= f(a) : 
«) = —— _ as :) = 
1-@ 7) aa) (+ 2) 
and thus construct a sign table for f(a), as below, In the left-hand column 
of the table are the factors that appear in f(a). In the top row are the key 
values of w at which the factors are zero and the intervals on either side of 
these key values. The signs of the various factors are shown in the table by 
+,— or 0, from which the sign of f(x) may be deduced. 


a | (—oo,—1) | —1 | (—1,1) | 1 | (1,00) 
l-a@ + + + |o] - 
l+a@ - 0 + |+] + 
f(x) = * + * = 


From the bottom row, we deduce that f is positive on (—1,1), and 
negative on (—o0,—1) and (1,00), as shown in Figure 3.1. 


The symbol * indicates a 
point not in the domain of f. 
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The concept of increasing or 
decreasing on an interval was 
introduced in Chapter B1, 
Subsection 2.1. 


The name ‘stationary point’ 
is often used to refer also to 
the corresponding point 

(a, f(a)) on the graph of f. 


In fact, f is increasing on 
(2,00), but this does not 
follow immediately from the 
Increasing/Decreasing 
Criterion because f’(a2) = 0. 
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Intervals on which a function is increasing or decreasing 


One aim of graph sketching is to indicate the intervals on which a function 
is either increasing or decreasing. We can sometimes determine these 
intervals by using just the rule of the function. For example, the function 
f(x) = 2° is increasing on (0,00) because 


if 0 <2, <2», then0 < x} < x}. 


For a smooth function f, we can use the derived function f’ to identify 
such intervals. Since the derivative f’(x) gives the gradient at the point 
(x, f(x)) on the graph of f, we can use the value of f(x) to gain 
information about the shape of the graph near this point. If f’(x) = 0, 
then the tangent to the graph at (x, f(x)) is horizontal, and « is called a 
stationary point of f; see Figure 3.4, where x}, 2 and zy are stationary 
points. 


Figure 3.4 Three stationary points 


On those intervals in the domain of f which include no stationary points, 
the function f” has constant sign and we can deduce that f is either 
increasing or decreasing on that interval. 


Increasing/Decreasing Criterion 
Let I be an open interval in the domain of a smooth function f. 


© If f'(a) > 0 for all x in J, then f is increasing on J. 
© If fw) <0 for all x in J, then f is decreasing on I. 


For example, in Figure 3.4: 


© _f is increasing on each of the intervals (—00, 1), (2,43) and (x3, 00) 
because f/(a) > 0 for « in these intervals; 

© f is decreasing on the interval (x ;,22) because f’(«) < 0 for x in this 
interval. 

The function f in Figure 3.4 has a local maximum at :¢;, with value 

f(a), because f(r) is the greatest function value in the immediate 

vicinity of a. More precisely, there is some open interval J containing x, 

such that f(a) < f(a), for all # € J. Similarly, f has a local minimum 

at xo, with value f (22). 
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Local maxima and local minima of smooth functions always occur at 
stationary points, but a stationary point does not have to be a local 
maximum or local minimum. For example, in Figure 3.4 the function f has 
neither a local maximum nor a local minimum at the stationary point «3. 


The following test can be used to discover whether a function f has a local 
maximum or local minimum at a known stationary point. 


First Derivative Test 

Suppose that io is a stationary point of a smooth function f; that is, 

J'(xo) = 0. 

© If f'(x) changes sign from positive to negative as a increases 
through ao, then f has a local maximum at zo. 

© If f'(x) changes sign from negative to positive as x increases 
through ao, then f has a local minimum at ao, 

© If f/(x) does not change sign as x increases through xo, then f 
has neither a local maximum nor a local minimum at: :t9. 


Figure 3.5 illustrates why the First Derivative Test works. 


(a) 


Figure 3.5 (a) Local maximum = (b) Local minimum 


To determine whether the derivative of a smooth function f changes sign 
as x increases through a stationary point 9, it is often sufficient to check 
the sign of the derivative at ‘test points’ to the left and the right of ap. 
Alternatively, we can use a sign table for f’(a). The latter approach has 
the advantage that it helps us to understand the behaviour of f near any 
vertical asymptotes, as you will see, 


For example, for the function f(a) = 1/(1 — x?) in Figure 3.1, we have 


ne ee ol 
ee 
A sign table for f'(«) is as follows. 


@ | (-90,-1) | =1 | (-1,0) | 0 | 0,1) | 1 | Goo) 
ar Sj -| - Jo} + J+] + 
(1-2?) + Oo; + J+] + Jo} + 
f() aoe 


Thus f has a stationary point at 0. Also, by the Increasing/Decreasing 
Criterion, f is increasing on (0,1) and (1,00), and decreasing on (—o0, —1) 
and (—1,0). In particular, by the First Derivative Test, f has a local 
minimum at 0. 


The plural of ‘maximum’ is 
‘maxima’ and the plural of 
‘minimum’ is ‘minima’. 

As you can check x = 0 is a 
stationary point of the 
function f(r) = «°, but this 
point is neither a local 
maximum nor a local 
minimum of f. 


‘The procedure based on ‘test 
points’ was described in 
MST121 Chapter Cl. 


In this case there is no need 
to factorise (1 — x), since 


(1-27)? >0. 
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Ifa, < 0, then 
f(x) + 00 

is replaced by 
T(z) =o, 


and vice versa throughout 
this table. 


It is assumed that p(x) and 


q(x) have no common factors. 
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Asymptotic behaviour 


For a function f, the term asymptotic behaviour refers to the behaviour 
of points on the graph of y = f(a) for which the variable x or the variable 
y take arbitrarily large values. Thus describing the asymptotic behaviour 
includes finding any asymptotes of the function and also stating 
occurrences of any of the types of behaviour illustrated in Figure 3.6. 


Y= 


F(z) 
to) 


Figure 3.6 Four types of asymptotic behaviour 


ay 
sv 


We now consider the asymptotic behaviour of polynomial functions and 
rational functions. 


The asymptotic behaviour of a polynomial function of degree n, 
f(x) = ana” +a,-y2""| +++» + aye + ao, 


where n > 1 and a, # 0, is similar to that of the function g(x) = ana” 
because the term a," dominates the other terms for large a. We call x” 
the dominant term and a, the leading coefficient of f(x). This 
asymptotic behaviour is described in Table 3.1, for a, > 0. 


Table 3.1 Asymptotic behaviour of f, where a, > 0 


=— 0o 2 — —0o 


n even | f(x) + 00 | f(a) + 00 
nodd | f(x) + 0c | f(x) + —00 


For example, if 
f(x) = 22 — 4a’ +1, 
then, since the leading coefficient 2 is positive and the power of the 
dominant term a is even, we have 
f(z) + coas@—co and f(a) + 00 as x — —00. 
A rational function is a function with rule of the form 
p(t) 
f(a) =——, 
= GG) 
where both p and q are polynomial functions. The domain of f is R except 
for the points where g(x) = 0. For example, f(a) = 1/(1 — x*) is a rational 
function, with p(«) = 1 and q(x) = 1 —.?. Since the zeros of q are 1 and 
—1, the domain of f is R except for these points. 
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The rational functions we consider can have two types of asymptote: 


© a vertical asymptote has equation of the form « =a; 


© a horizontal asymptote has equation of the form y = b. 


These two types of asymptote are illustrated in Figure 3.7. 


Figure 3,7 Vertical and horizontal asymptotes 


A vertical asymptote of a rational function f(a) = p(a)/q(x) occurs at 
those points a for which g(a) = 0 and p(a) # 0. For example, the rational 


function f(x) = 1/(1 — x) has vertical asymptotes 2 = 1 and x = — 


Figure 3.1. 


; see 


To detect horizontal asymptotes of a rational function, we divide both the 
numerator and the denominator by the dominant term of the denominator, 
and consider the behaviour as « — oo and as « — —oo. For example, if 
f(a) =1/(1 — 2), then x? is the dominant term of the denominator. 


Hence 
1 1/2? 
MC Y—a? 1/a?-1 
* oh. = 0 as x > +00 
0-1  "" : 


so f has the horizontal asymptote y = 0; see Figure 3.1. 


A rational function can also 
have a slant asymptote, which 
has equation of the form 

y= max +e, where m #0. In 
this chapter we do not 
consider such asymptotes. 


Asymptotes are usually 
indicated by broken lines, 
except when they coincide 
with an axis. 


More generally, a function f 
of the form f(a) = h(«)/q(x), 
where h is a continuous 
function and q is a 
polynomial function, has an 
asymptote 2 =a if g(a) =0 
and h(a) #0. You will see an 
example of such a function in 
Activity 3.1. 


The expression ‘as  — oo" 
is shorthand for ‘as 2 — oo 
and as a — —oo’, 
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3.2 Graph-sketching strategy 


The following strategy summarises the main features that a sketch of the 
graph of a function should convey. 


Strategy 
To sketch the graph of a given function f, determine the following 
features of f (where possible) and then show these features in your 
sketch. 
1. The domain of f. 
. Whether f is even or odd. 
3. The 2- and y-intercepts of f. 
The intervals on which f is positive or negative. 
The intervals on which f is increasing or decreasing and any 
stationary points, local maxima and local minima. 
6. The asymptotic behaviour of f. 


a 


Remarks 

1. For some graphs it may not be necessary or possible to find all the 
features listed in the strategy. 

2. Choose the scales on your axes with care. Ideally the two scales should 
be the same, but sometimes unequal scales are needed to show some 
features clearly. 

3. The intercepts of f and any local maxima and minima serve to locate 
parts of the graph of a function. It may be necessary to locate other 
parts by evaluating a few points on the curve. In part (a) of 
Activity 3.1 some points are suggested for this purpose. 


+ Gee Now listen to CDA549{ (Tracks 1-6), band 1, ‘Graph sketching’. 
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2x-3 


Sketch the graph of f(x) = aA 


Step1 Domain of f: (—»9, 1) and (1,-) 
Step2 Even/oda: fis neither. 


StepS Intercepts: —_f (x) = O when 2x — 3 = O, sox-intercept is 3. 
(0) =-3/41 = 3, so y-intercept is 3. 


Step4  Fositive/negative: , 
[emo] + | te | 2 |B) 
2x-S = be > O + 
x-1 = 0 + + + 
f(x) + * - (e) + 
fis positive on (—c9, 1) and (3.) , negative on (1.3) ; 
Step5 —Increasing/decreasing: 
- 1)2-(2x -3)1 x (= 09, 1 ‘I 1, 20 
py = CDA =-8) | cot) | ce) 
‘ (x - 12 (x-1)? ” | (e) + 
a (x — 12 f(x) + * + 


fis increasing on (— , 1) and (1,00). 
f has no stationary points. 


Step Asymptotic behaviour: x = 1ie a vertical asymptote. 
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Sketch the graph of F(x) = ani 


Step1  Domainoff: R 


ey eee 
(21 xe +1 


Step3 Intercepts: f (x) = O when x = O, g0 only intercept Is origin. 


Step2 — Even/odd: f(-x) = = -f(x), 30 f Is odd. 


Step4  Fositive/negative: x | (-2, 0) Oo | (0, ) 
x = fo) + 
+4 Se 1 | r 
#@), | = se 


f is positive on (O, 2), negative on (—s, 0). 


Increasing/decreasing: (-4,1) | 1 |.) 


(x2 + N= x(2x) 

(x2 + 12 
_ 1=x2 _ (1—x)(1+x) 
(242 (x2 + 1 


f is increasing on [ey decreasing on and 


f(x) = 


f has stationary points +1, local maximum at | | |, value 


local minimum at Hl , value 


Asymptotic behaviour: f has no vertical asymptotes. 


f(x) = Se ey rachis 


x41 1+? 140 


50 y= 01s a horizontal asymptote. 
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Sketch the graph of f(x) = (x —2) e* 


You may assume: 
f (x) 3 Oas x > -&, 


Step2  Even/odd: fis neither. 


Step3 Intercepts: f(x) = O whenx —2 =O, so x-intercept is 2. 


Step!  Domainof f: ® 


(0) =— 2, s0y-intercept is -2. 


Step4  Fositive/negative: x (—©9, 2) | 2 | (2, ©) 
4 ag | 


e* + 


af 
F(x) — | oO 1 


fis positive on (2, o), negative on (— 2, 2), 


Increasing/decreasing: 


f'(x) =(xk-2) ex +e*x1 
= (x- Ie" 


f |s increasing on (1, °°), decreasing on (—»9, 1), 


f has stationary point 1, a local minimum, value f(1) = —e. 


Asymptotic behaviour: f has no vertical asymptotes, 


(x) > O as x —+—© (given), 


60 y= Ole a horizontal asymptote for the left part of the graph; 


f(x) > 02 ag xe (since e* 4 0 as x + &), 
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Graph of f(x) = ay 


Graph of f(x) =(x—2) e* 


(2) 
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Activity 3.1 Using the graph-sketching strategy 


Sketch the graph of each of the following functions. 


\ _ 4041 
@) s@=F* 
3 
(>) f@)=sG 
@ f@)= © (You may assume that e”/2 — 00 as x — 00.) 
(d) f(z) = 23 - 32-3 


Solutions are given on page 55, 


Comment 


The assumption given in part (c) about the behaviour of e”/a as x tends 
to oo is a particular case of the property that, as x tends to infinity, e* 
tends to infinity faster than any power of x. To be precise, for each fixed 
positive integer n, we have 

e 

— +00 a8 + 00. 

an 


Using the second derivative 


In Subsection 3.1 the First Derivative Test was introduced to determine 
whether a given stationary point gives a local maximum, a local minimum, 
or neither. There is an alternative test for a local maximum and a local 
minimum, using the second derivative. 


Second Derivative Test 

Suppose that «xo is a stationary point of a smooth function f; that is, 
f'(xo) = 0. 

© If f"(xo) <0, then f has a local maximum at ao. 

© If f"(xo) > 0, then f has a local minimum at x. 


This test can be very efficient as a means of classifying stationary points. 
However, for some functions it is complicated to find the second derivative. 
Moreover, if f”(ao) = 0, then the Second Derivative Test gives no result; 
the stationary point may be a local maximum, a local minimum or neither 
in this case. This is why the First Derivative Test has been used here. 


In part (a) it will help to 
consider the points for which 
v=3and r=4, 


Tn part (d), you need not find 
accurate values for the 
-intercepts. 


See MST121 Chapter Cl, 
Subsection 2.2. 


Strictly speaking, f is 
required to be a 
twice-differentiable function. 


Al 
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Summary of Section 3 


This section has introduced: 


© some features of the graphs of functions, which can be identified 
without differentiation, including symmetry properties and intervals 
on which the function is positive or negative; 


© some features of the graphs of functions, which can be identified with 
the help of differentiation, including intervals on which the function is 
increasing or decreasing, stationary points, local maxima and local 
minima, and asymptotic behaviour; 


© astrategy for sketching graphs of smooth functions. 


Exercises for Section 3 


Exercise 3.1 


Sketch the graph of each of the following functions. 


(a) f(z) = 2 = (You will find it convenient to use unequal scales for 
xr 
this graph.) 
1 ‘= 
() f@)=s55 
Ba 
(e) f(z) = = ip (You may assume that f(a) — 00 as x — 00.) 


@) f(@)=2" — 4c 


4 Newton-Raphson method 


Solving equations is one of the most important activities in mathematics 
because many problems where we seek to find an ‘unknown’ number x lead 
to an equation, or equations, involving «. Most equations cannot be solved 
exactly, so we must be content with approximate solutions. The 
Newton—Raphson method is one of the most effective techniques for finding 
approximate solutions of equations rapidly. Special cases of this method 
were used by the Ancient Babylonians, but the method is named after 


Isaac Newton and Joseph Raphson who gave versions of the method Raplison (1648-1715) and 
suitable for solving polynomial equations. In its usual modern formulation, Simpson (1710-1761) were 
the method seems to be due to Thomas Simpson. English mathematicians. 


Raphson published his version 
of the method in 1690. 
Simpson’s textbook Treatise 

Wf Algebra was widely used 
during the eighteenth century. 


4.1 What is the Newton—Raphson method? 


Suppose that f is a smooth function, and that we want to find a zero of f; 
that is, a solution of the equation 


f(z) =0. 
In this situation it is often possible to find a number which is near to a 
solution of the equation. For example, we can calculate the values of the 
function at various points in order to find an interval in which the function 
values change sign, as you will see. 


Suppose that, as in Figure 4.1, the equation f(2) = 0 has a solution a, and 


we know that the number ro is near a. One way of obtaining the 
number tg is to examine the 


graph of f, 


ay 


Figure 4.1 Initial approximate solution ao 


One way to calculate a number that is usually closer to the solution a than 

ao is to determine the point, x, say, where the tangent to the graph of For some functions f and 

y = f(x) at (xp, f(xp)) cuts the a-axis; see Figure 4,2 overleaf. some numbers xo it is 
possible that 2; is further 
from a than 2x9 is. 
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tangent at 


(wo, f(z0)) 


t =: 
ro z 
Figure 4.2 Second approximate solution 7; 
For this tangent, To find the point x, we note that the gradient of this tangent is f’(ao), so 
rise = f (ao) Faye f (xo) 
))=——. 
and % — 2} 
aia eee On solving this equation for a, we obtain 
a — (xo) 
J'(x0) 


Having found a value 2, that is nearer to a than xp, we can repeat the 
process using the corresponding formula 
_ fla) 

f(a) 


to obtain a value wy that is usually even closer to a, as in Figure 4.3. 


vg = 01 


(wi, F(e1)) 


tangent at 


(a1, f(@1)) 


ay 


Figure 4.3 Third approximate solution ar 


Repetition of this process usually gives better and better approximations 
to a solution of the equation f(x) = 0. This iterative process is called the 
Newton-Raphson method. 


Newton—Raphson method 


Some discussion of the Let f be a smooth function. The Newton-Raphson method for 

convergence of this method is finding an approximate solution of the equation f(x) = 0 is to start 

given in Subsection 4.2. with an initial term ay and calculate the iteration sequence given by 
f(@n) 


Tae = @n = FE) (n=0,1,2,...). (4.1) 


In the following activity you are asked to apply the Newton—Raphson 
method to a particular cubic function. 
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Activity 4.1 Using the Newton-Raphson method 


Consider the function f(x) = 2° — 2x — 2. 
(a) By evaluating f(1) and f(2), show that the equation f(x) =0 has a 
solution in the interval (1,2). 
(b) Show that for this function f the Newton—Raphson formula in 
equation (4.1) can be expressed as 
ees 203 +2 
Ta = 3n2 2 
(c) Use your calculator to find the first five terms of the sequence «,, when 
the initial term is 2 = 2. (Ideally you should use the maximum 
accuracy of your calculator and make appropriate use of its memory 
facilities.) 


(n=0,1,2,...). 


(d) Check that the final term calculated in part (c) is a good 
approximation to a solution of f(«) = 0. 


Solutions are given on page 58. 


Comment 


In part (a) we used the fact that, for any polynomial function f, if f(a) 

and (x2) have opposite signs, then f has a zero at some point between x; This method of locating a 
and x. zero also applies to any 
function f that is continuous 
on a closed interval which 
contains a, and wry. 


The Newton-Raphson method gives an excellent iterative method of 
calculating square roots by using the fact that if a > 0, then /a is a 
solution of the equation 2? — a= 0. 


Activity 4.2 Calculating square roots 


Suppose that a > 0. Show that the Newton-Raphson formula (4.1) applied 
to the equation The function associated with 


this equation is 
z’-a=0 : 


gives the iteration sequence 


ng = 4 («. + +) (n=0,1,2,...). 


n 
A solution is given on page 58. 

Comment 

You used this formula for the case a = 3 in Chapter B1, Exercise 1.1(b). 
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See Chapter B1, 
Subsection 2.2, for this 
classification of fixed points. 
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4.2 Advantages and disadvantages of the 
Newton-Raphson method 


In Activity 4.1 you found the following terms given by the 
Newton-Raphson method for the equation f(«) = a2* — 2a —2=0: 
@% = 2, 
a, =18, 


ro = 1.769 948 187, 
2 = 1.769 292 663, 

a4 = 1.769 292 354. 
You also found that the term ay is a good approximation to a solution of 
f(x) =0, in the sense that (4) =0 (to 8 d.p.), It is striking that the 
method has produced such an accurate solution in only four iterations, but 
this rapid convergence is a feature of the Newton-Raphson method. 


An explanation of the rapid convergence of the Newton—Raphson method 
can be given by applying the methods for dealing with iteration sequences 
described in Chapter B1, First we observe that equation (4.1) can be 
written in the form 


Tn41 =G(tn) (m=0,1,2,...), 


where g(x) = a — f(x)/f"(x). If @ is a solution of the equation f(a) =0 
and f’(a) #0, then f(a) =0 and 


ag fi — 
g(a) =a— Fila) a, 


Therefore a is a fixed point of the function g, but what type of fixed point 

is it: attracting, indifferent or repelling? 

To classify the fixed point a we need to examine the value of g'(a). We can 

differentiate g, using the Quotient Rule, to obtain 

fa) f'(x) = f(a) f"(@) 

g(a) =1 - 

ie wy 
=1-L@y? , fo F"@) 


(Fa@ye* (a? 


_ f(a) f(a) 
(f'(x))? 
Since f(a) =0 and f'(a) # 0, we deduce that 
ray — fadf'(a) _ 
so) = r@y ~° 


Therefore the fixed point a is in fact a super-attracting fixed point of the 
function g. Hence it is to be expected that any iteration sequence 
generated by g(x) = 2 — f(«)/f'(), with initial term near a, converges 
extremely rapidly to a, which is a zero of f. 


However, there are some problems that may occur when applying the 
Newton-Raphson method, as you will see in the next activity. 
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Activity 4.3 Failure of the Newton-Raphson method 


Consider the function f(x) = «x? — 2x — 2, for which the Newton-Raphson 
formula is 


Ay 


(a) Calculate 2, when a = 0.8165. What possible problem with the 
Newton-Raphson method does your calculation suggest? 


Tay = 


(b) Calculate a and a2 when ap = 0. What possible problem with the 
Newton-Raphson method does your calculation suggest? 


Solutions are given on page 58. 


Comment 

Parts (a) and (b) indicate two circumstances under which the 
Newton-Raphson method may fail; that is, the sequence generated does 
not converge to a zero of the function f. Another such circumstance is 
illustrated in Figure 4.4, 


Figure 4.4 Newton-Raphson method failing to converge to a zero 


In this case, if vo > a, then the sequence x, given by the Newton-Raphson 
method tends to infinity. 


Summary of Section 4 


This section has introduced: 


© the Newton-Raphson method for finding approximate solutions to 
equations of the form f(x) = 0, where f is a smooth function; 


© an explanation of why the Newton-Raphson method is often very 
effective; 
© some circumstances under which the Newton-Raphson method fails. 


You met this function in 
Activity 4.1. 
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You sketched the graph of 
this function in 
Activity 3.1(d). 


An approximate solution of 
the equation 2 — cos = 0. 
was found in Chapter B1, 
Exercise 1.3(a), by a different 
method. 
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Exercises for Section 4 


Exercise 4.1 
Consider the function f(x) = «* — 3x — 3. 
(a) Show that the equation f(x) =0 has a solution in the interval (2, 3). 
(b) Show that for this function f the Newton-Raphson formula in 
equation (4.1) can be expressed as 
, _ dan +3 
invade EDE) 


(n =0,1,2,...). 


(c) Use your calculator to find the first five terms of the sequence x, when 
the initial term is ap = 2. (Use your calculator’s maximum accuracy.) 


(d) Check that the final term calculated in part (c) is a good 
approximation to a solution of f(x) = 0. 


(e) Find a value of a for which the Newton—Raphson method fails for this 
function f. 


Exercise 4.2 

Consider the function f(a) = « —cosx. 

(a) Show that the equation f(«) =0 has a solution in the interval (0, 3m). 

(b) Show that for this function f the Newton-Raphson formula in 
equation (4.1) can be expressed as 

sin(an,) + ¢08(an) 

1+ sin(a,) 

(c) Use your calculator to find the first five terms of the sequence «x, when 

the initial term is ay = 0. (Use your calculator’s maximum accuracy.) 


tip = (n =0,1,2,...). 


(d) Check that the final term calculated in part (c) is a good 
approximation to a solution of f(«) = 0. 

(e) Find a value of zo for which the Newton—Raphson method fails for this 
function f. 


5 Differentiation with the computer 


To study this section you will need access to your computer, together with 
the Mathead files for this chapter and Computer Book C. 


In this section you will see that the computer can be used to find the 
derivative of any smooth function whose rule is entered. This means that, 
even where the function concerned is too complicated to permit 
differentiation ‘by hand’ with ease, an answer can be obtained from the 
computer. 


You will also see that the Newton-Raphson method can be implemented 
on the computer. Using the computer, you will be able to explore the 
Newton-Raphson method, finding situations in which it successfully solves 
equations and others where it fails. 


Refer to Computer Book C for work in this section. 


Summary of Section 5 


In this section you saw how the computer can be used to find derivatives, 
and also how it can be used to implement the Newton-Raphson method. 
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Summary of Chapter C1 
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In this chapter you met the process of differentiation of a function f to 
find the derivative. which is the gradient of the tangent to the graph of f 
at a point on the graph, By means of yarious rules, the process of 
differentiation can be applied to a wide range of smooth functions. 


Differentiation can be used to help sketch the graphs of smooth functions 
and also to find approximate values for the zeros of such functions, by the 
Newton-Raphson method. 


Learning outcomes 


You have been working towards the following learning outcomes. 


Terms to know and use 
Calculus, gradient, tangent, differentiation, derivative, derived 
function, differentiable, smooth, power function, nth derivative, 
nth derived function, n-times-differentiable, even, odd, positive (or 
negative) on an interval, stationary point, local maximum, local 
minimum, asymptotic behaviour, dominant term, leading coefficient. 


Notation to know and use 
The various notations associated with derivatives: 
> f(a), f(x), f(x), ... (function notation); 


dy d’y dy d re, : 
dz’ de?” a af) (Leibniz notation), 


The notations for limits, as applied to the definition of the derivative: 


sins aR 


Ser errr 
& fiiz= lim, (Ache ty (function notation); 
ty im 2% (Lelbnis notati 
i Jim, in (Leibniz notation). 


© Other notation: 2 — oo. 


Mathematical skills 
© Use the limit definition to calculate derivatives in simple cases. 


© Differentiate any function that is expressed in terms of the basic 
functions using the Sum, Constant Multiple, Product, Quotient and 
Composite Rules. 


© Apply the Inverse Rule to differentiate a function that can be 
expressed as the inverse of another function. 


© Determine higher derivatives. 
© Apply the graph-sketching strategy. 
© Apply the Newton-Raphson method. 
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Mathcad skills 


° 


° 


Use Mathcad where appropriate to find derivatives (and higher 
derivatives) of complicated functions. 


Use Mathcad to experiment with the Newton-Raphson method. 


Ideas to be aware of 


° 


° 


That in finding derivatives from the definition, various rules for limits 
are assumed. 

That the derivative of the sine function can be deduced from 
geometric reasoning. 

That the rules for differentiation are proved by using the definition of 
the derivative together with appropriate rearrangements and reasoning. 
That the Newton-Raphson method is often very effective, but it does 
not always give a solution. 


St 


Solutions to Activities 


Solution 1.1 2 Solution 1.2 
(a) We have (a) Here f() = 2, so f'(a) = 1002°%. 
f(a +h) = f(a) _ +( te (b) Since 
h ~ Ah\(w@+hy? 2? i 
-a/2 
ee | f(#) = =a", 
“RY (@+h)Pa? we have 
_ -2rh — h? i 5.=8y2 3 
= iene P= S32 rr 
=20 —h . 
= Gane Solution 1.3 
as required. (a) Here f(x) =e*, so 
(b) By equation (1.2), we need to find the limit as h f'(z) =e, f"(@) =e and f(x) = 
tends to 0 of the quotient from part (a): (b) Here y = sina, so 
ik - dy dy sé 
jee (< ni ap ose and agi = Sine. 
es Solution 2.1 
. 2 (a) Here k(x) = 3074 + 2In2, so 
f(a) = =e 1 
LI (on) — 8(—4) 5 . = 
(c) By part (b) we have Aa ate) +2(5) 
2 122 
"(2)=-—=-+ See 
J rar eat 
and (b) Here f(t) = 5e! — cost, so 
2 
fl) =- aye =? fi(t) = Se! — (-sint) 
= be! +sint. 
The corresponding tangents at (2,4) and 
(—1,1), respectively, are sketched in Figure S.1. Solution 2.2 
(a) In this case k(a) = f(s), 9(*), where 


f(x) =a? —1 and g(x) = 2? +a +2. Since 
f'(w) = 2x and g/(«) = 2 +1, the Product Rule 
gives 
ki (a) = (2x) (a? + 2 + 2) + (a? — 1)(2e + 1) 
= (209 + 2a? + 4x) + (2° + 2? — 2x — 1) 
= 4a? + 3x? + 22-1. 


Us 


(b) In this case k(x) = f(a)/g(«), where 


fi aw? —1 and g(x) =a? +2 +2. Since 

f'(x) = 2x and g'(x) = 2” + 1, the Quotient 

Rule gives 

14 4 
HS (a? + w + 2)(2x) — (w* — 1)(2x + 1) 
ae (a? 0+ 2)? 
ay, Le _ (2x3 + 22? + da) — (22° +0? ~ 20-1) 
(x? + 2 +2)? 
Figure S.1 _ ame 
~ (a2 +a+42)?" 
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(c) Here f(«) =e” cosix, so by the Product Rule 
(a) = 4 (e*) cosy + (cos 
f= ae ) cosa + e’ a 8?) 
=e" cosa + e*(—sinz) 
=e" (cosx — sin). 
(d) Here g(t) =e'/cost, so by the Quotient Rule 


_ cost (et) — et 4 (cost) 


, 
a(t) cos? t 
_ (cost)e' — e!(—sint) 
= (cos t)? 
__e*(cost +sint) 
7 cos? t 
Solution 2.3 
(a) We have 
d d (sing 
atme)= z (Ss) 
_ (cos x)(cos x) — (sin a)(—sin x) 
i? (cosix)? 
_ cos? an + sin? x 
i cos? x 
as 
~ cos? 
= sec? 2, 
as required, 
(b) We have 
d d cosx 
pal les 2 
_ (sin«r)(—sin x) — (cosx)(cos x) 
7 (sine)? 
S _ sin? x + cos? wv 
cs sin? x 
ee 
sin? 
= —cosec” xr, 
as required, 


(c) We have 
ene es) 
dx. © dx \ cosa 
_ (cos)(0) — 1(—sina) 
a (cos a)? 
_ sing 
~ cos? x 


ma 1 sina 
~ \cosan) \cosar 


=secx tana, 


as required. 


SOLUTIONS TO ACTIVITIES 


Solution 2.4 


(a) Since f(x) = (x*e”)sinx, we can apply the 
Product Rule twice to obtain 


d 
f'(2)= ois (vte*) sina + (ote) 4 (oinz) 
= (4a%e* + re”) sine + 24e” cose 
= ae" ((4 +a) sina + xcosa). 


(b) We apply the Quotient Rule and then the 
Product Rule: 


(1+) # (a tan) — (w tana) (1 + 2?) 


1@= a+e2? 
a fe a*)(tan a + xsec? x) — (a tan x) (2x) 
a (1+ 2?)? 
_ a(1 +a) sec? a + (1 — x?) tana 
a (1 + #2)? 3 
Solution 2.5 


(a) In this case k(x) = g(f(«)) = g(u), where 


g(u) =e" and u= f(r) =1/2. 
Since 
gi(u) =e" 
we have 
ella 
k'(a) =e" x =-—=> 
= 


(b 


In this case h(a) = g(f()) = g(u), where 
g(u)=cosu and w= f(r) = 3x. 


Since 


g{(u) =—sinuw and f'(«) 
we have 
k'(a) = (—sinu) x 3 = —3sin(3z). 


(c) Since f(a) = Vsinz = (sina)'/?, we have 
cost 


f'(x) = $(sinx)-"”? x cosa = 


2Vsin a 
(d) Here g(t) = In(—2t), so 


g(t) = (4) x(-2)= i. 
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CHAPTER CI DIFFERENTIATION 


Solution 2.6 


(a) 


(b) 


(a) 


The rule f(a) =xe* involves a product and a 
composite, so we apply the Product Rule and 
then the Composite Rule: 


f(x) = ee 4g as (*) 


(a) 


=lxe™ +2 (@ x 2z) 


= (2n? + te”. 


The rule f(x) = sin(Vz)/VZ involves a quotient 
and a composite, so we apply the Quotient Rule 
and then the Composite Rule: 


_ Vai (sin( ¥)) = sin Vi) fe (V2) 
(va)? 


_ Vi eos( Va) (p271/*) —sin( ve) (507 "/") 


f'(e) 


__ VE cos( V2) ~ sin( v2) 
7 23/2 . 
The rule f(a) = cos((a +4) seca) involves a 
composite and a product, so we apply the 
Composite Rule and then the Product Rule; 
I(@) = 
= —sin(( +4) sec) 


x (fe +4)secax + (x +4) (#02) 


= —sin((w + 4) see x) (sec @ + (a + 4) sec a tan 2) 


—sin((a + 4) see) A (2 + 4) sec wr) 


= —seex(1 + (2 +4) tan x) sin((x + 4) sec x). 


The rule f(x) = Vx? + 1 cos(2:r) involves a. 
product and a composite, so we apply the 
Product Rule and then the Composite Rule: 


f(a) = 4 (Va?+1) cos(22) + Ve + 14 (cox(22)) (b) 
= 4 (a? + 1)-/ (22) (cos(2x)) 
+ Ve + 1(-2sin(22)) 


s Res] cos(2u) — 2/2? + Lsin(2x). 
ES 
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Solution 2.7 


Since g is the inverse function of 
f(x) =cosx (« € [0,7]), its graph is as follows. 


-1 0 1 i 


Figure 8.2 


If y =arccos, then # = cosy, 80 
Thus, by the Inverse Rule, 

dy _ 1 

dx =siny” 


dx 
yo= 

/ a 
Since cos? y + sin? y = 1, we obtain 


siny = +1 —cos?y = V1 — 2%, 


because siny > 0 for 0 << y < m. Thus 


for -1<2<1. 


(Note that the domain of g is the closed interval 
[-1, 1], as indicated in Figure S.2, whereas the 
domain of g’ is the open interval (—1, 1).) 

Since g is the inverse function of 

f(x) = tana (x € (—}7, $7)), its graph is as 
follows. 


Figure 8.3 


If y = arctan, then x = tany, so 5 = sec? y; 
see Activity 2.3(a). Thus, by the Inverse Rule, 
dy _ dz _ 


de “dy secty’ 
Since sec? y = 1 + tan? y = 1+ «?, we obtain 
dy _ 1 
x 
Die ae eae 
(Note that R is the domain of g and g'.) 
Solution 2.8 


Leibniz notation is used in part (a) but not in 
part (b), 


(a) We can write 


f(x) =aresin(u), where w 


so, by the Chain Rule, 


his cid; yo 
kaye ta (aresin u) =~ 


1 
= x30" 
vi-w 
8a? 
= p FOP Lins 1 
7a r 
b) By the Composite Rule. 
4 
uf = Mie | eerste 
UO ares ~ T+ 16?" 


Thus, by the Composite Rule again (or the 
Quotient Rule), 


Nee ee 
9 )=4(qaie) x (32x) 


__—128e 
~ (+ 1627)?" 
Solution 2.9 
(a) Since f(x) =a? = e7!4, the Composite Rule 
gives 


f(a) =e?" x Ina 
=a" Ina. 


To find (f-!)'(z), let y = f-1() = log, « so 
x= f(y) =a. Since 


da / rr 
ae f'(y) =a" Ina, 

as we have just seen, the Inverse Rule gives 
ee a Ge! 


dx ‘dy a¥ina~xlna’ 
80 


SOLUTIONS TO ACTIVITIES 


(b) From Table 2.1, 
d 1 
gg in(ax)) Bey for az > 0. 
Thus, with a = 1, 
d 1 
ag (nl) =) for x > 0, 
and, with a = —1, 
fn(-2) =4, fore <o 
qe" =; fora<0. 
We deduce that 
1 
f(@)== (« #0). 
Fd 


Solution 3.1 


In each case your sketch should be fairly close to the 
accurate graph shown. 

= set 
() f@)= =>. 


Step 1: ie denominator 3a — 5 is 0 when 
x = §, so the domain of f is R except for $. 


Step 2: The function f is neither even nor odd. 


Step 3: The only x-intercept occurs when 
4x + 1 = 0; that —j}. The y-intercept is 


40)'=—- 
Step 4: Her is a sign table for f(x) 


| (00, =3)| =4 | bD| 
4z4+1] | 
soe = a) 
Aaleee wo || = 


Thus f is positive on ($,00) and (—oo, —}), and 
negative on (-3 8). 


Step 5: The derivative of f is 


tye) _ (u-5)4—(4e+1)3_ 28 
f@)= aaa Gea 


so f"(«) <0 for all in the domain of f. Thus f 
is decreasing on (—90, $) and (3,00), 

Step 6: Since the denominator is 0 when « is 3 
the line 2 = 8 is a vertical asymptote, Also 
4e+1_ 4+1/0 

382-5 «3-5/2 


F(a) = 


So the line y = 4 is a horizontal asymptote. 


To locate the ane in the interval (8 
calculate (3) = 4 = 34 and f(4) = 
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Thus we can sketch the following graph. 


Figure 8.4 


fe=sy 


Step 1: The domain of f is R except for +2, 
where x? —4=0. 


(b) 


Step 2 The function f is odd because 


f(-2) = 


i = 
Step 3 The only -intercept occurs when 3a = 0; 
that is, a =0. The y-intercept is f(0) = 0. 


Step 4: Here is a sign table for 


2 | (2,00) 
3a SS oy eye 
G—2 - = = =} = 1:0 af 
nt+2 - 0 + [+] + [4] 4+ 
fel - [xl + Jol - le] + 


Thus f is positive on (—2,0) and (2,00), and 
negative on (—oo, —2) and (0,2). 


Step 5: The derivative of f is 


ty.) . (2? —4)3 — 32(22) 
f(z) = eae 


so f'(«) <0 for all x in the domain, Thus f is 
decreasing on (00, —2), (—2,2) and (2, 00). 
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Step 6: Since the denominator is 0 when x is +2, 
the lines 2 = 2 and 2 = —2 are vertical 
asymptotes. Also 


3a: 


3/a 


f(a) te 


a yada toe. 


So the line y = 0 is a horizontal asymptote. 


To locate the curve in the interval (2,00), we 
again calculate f(3) = 2 = 14 and f(4) =1. To 
locate the curve in the interval (—o0, —2), we 
use the fact that f is odd. 


Thus we can sketch the following graph. 


Figure S.5 
oe 
i= = 


Step 1: The domain of f is R except 0, 
Step 2: The function f is neither even nor odd. 


Step 3: Since e* # 0, for x € R, there are no 
x-intercepts, and since 0 is not in the domain, 
there is no y-intercept. 


Step 4: Here is a sign table for f(«). 
(0,00) 


Thus f is positive on (0,00) and negative on 
(—oo, 0). 


Step 5: The derivative of f is 
ze*—e*x1_ e*(x—1) 
woe 


(2) = 


which has the following sign table. 


x _| (—00,0) | 0 | (0,1) | 1 | (1,00) 
e + +/ + f+] + 
ea) =] = oll se 
ma + (Vaal Vaal ug 
Fil) = ie | enlolle + 


Thus f is increasing on (1,00), and decreasing 
on (—o0,0) and (0,1). Also f has a stationary 
point at 1, which is a local minimum with value 


fl) =e. 


Step 6: The line # = 0 is a vertical asymptote. 
Also 


f(v) + coas2— oo (given) 
f(a) + 0as x — —oo (since e* — 0 as a + —ov), 


Thus y = 0 is an asymptote for the left-hand 
part of the graph. 


To locate the curve in the interval (—00,0), we 
calculate f(—1) ~ —0.37 and f(—2) ~ —0.07. 


Thus we can sketch the following graph. 


(Lye) 


Step 1: The domain of f is R. 


Step 2 The function f is neither even nor odd. 


Step 3: The a-intercepts occur when f(x) = 0; 
that is, when 


f(z) = 25 -32 -3=0. 


SOLUTIONS TO ACTIVITIES 


This cubic equation cannot be solved easily, but 
note that f(2)=—1 <0 and f(3) = 15 > 0, so 
there is a zero of f between 2 and 3. 


The y-intercept is (0) =—3. 


Step 4: The sign table for f is omitted, since we 
do not have accurate values for the zeros of f. 


Step 5: The derivative of f is 
f'(x) = 32 — 3 = 3(a? — 1) = 3(2 -1)(2 + 1), 


which has the following sign table. 


@ | (=0e,—1) | -1| (-1,1) | 1 | (1,00) 
z-1 - - - 0 Fs 
w+1 ms 0 cs > fs 
f@| + Jo] =. fo 


Thus f is increasing on (—oo, —1) and (1,00), 

and decreasing on (—1,1). Also, f has the 

following stationary points: 

© #=-1, which is a local maximum with 
value f(—1) 

© «#=1, which is a local minimum with value 
fQ)= 

Step 6: From Table 3.1, we know that 


f(z) > co as 2 + 00 
and 
f(a) + —00 as « + —c0, 


Thus we can sketch the following graph. 


ya 


Figure S.7 


(A good approximate value for the x-intercept is 
found in Exercise 4.1.) 
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Solution 4.1 
(a) With 


(d) 


f(y) =2" — 22-2, 


we have f(1) =—3 <0 and f(2) =2> 0. Thus 
the function f changes sign in the interval (1,2), 
so it has a zero in that interval. 


Since f/(«) = 3x? — 2, the Newton—-Raphson 
formula is 
pe (an) 
- " f(@n) 
a3 — 
=n “at 
an (3002 — 2) — (23 — 2atn — 2) 


i 


3x2 —2 


= 1.769 948 187, 
1,769 292 663, 
1,769 292 354. 


We obtain with a calculator 
f (x4) =0 (to 8 d.p.). 


‘Thus «rq is indeed a good approximation to a 
solution of f(a) = 0. 


Solution 4.2 


If f(a) =a? —a, then f(x) = 2x, so the 
Newton-Raphson formula is 


as 


In, 
Trt = Tp — re ; 
n 
2 
ax 2 eae 
— 


ithe a 
el accor 


required. 
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Solution 4.3 
(a) With ar = 0.8165 we have 


(b) 


a, = 184398.554.... 


This large value occurs because sr is close to the 
value x = \/2/3 = 0.816 496.580..., for which 
f'(x) = 3x? — 2 =0. In general, the 
Newton-Raphson method fails to converge to a 
zero of a function f if we choose xo to be a 
stationary point of f, or very close to such a 
point. 


(For this value of x9 the sequence x, does tend 
to a zero of a function f, but it takes about 30 
iterations to arrive close to the zero.) 


With ap = 0 we have x; = —1 and sty = 0, Thus 
the sequence «ry, endlessly repeats the 

values 0,—1; that is, it converges to the 

2cycle 0,—1. In general, the Newton-Raphson 
method fails to converge to a zero of a function 
f if it converges to a p-cycle, for p = 2. 


Solutions to Exercises 


Solution 1.1 
(a) We have, for h #0, 


f(a +h) ~ f(x) 
h 


_ ((v@+h)> +2(@ +h) — (a? + 22) 
—eeeeeeaes=e"' 


_ 03+ 307h + Boh? +h? + Qe + 2h—29 —2e 


h 
_ 3a?h + 3ah? +h3 + 2h 
= h 
= 32" + 3xh +h? +2, 
as required. 


(b) By equation (1.2), we need to find the limit as h 
tends to 0 of the quotient from part (a): 


Jim (8x? + 3xh +h? +2) = 307 +2, 
80 
J'(2) = 30? +2. 
Solution 1.2 
(a) Here g(t) = Int, so 


1 us 
g(t) = i. and g’(t) = iru 
(b) Here s 
ds_ an ds ds tg 
ap = ot ae = Oty Gq = 6 and Tz = 0. 


Solution 2.1 


(a) Here f(a) = 2Ina —3aresina, so by the Sum 
and Constant Multiple Rules 


2 


dit) == (0<a<1). 


(b) Here f(«) = tana, so by the Product Rule 
f' (x) = 3a? tana + a sec? x, 

(c) Here g(t) = t*/cos(2t), so by the Quotient Rule 

_ cos(2t)(2t) — t?(—2sin(2t)) 

_ cos? (2t) 

_ 2t.cos(2t) + 2t? sin(2t) 

wi cos? (2t) 


g(t) 


2t 
= Peron) (cos(2t) + tsin(2t)) . 
(d) Here f(a) =sin(1/), so by the Composite Rule 
Fe) = cos(t/2)(—1/2") = - EL), 


(ec) Here f(r) = cos*(3x), so by the Composite Rule 


f' (a) = 2cos(3x) x 4 (cos(32)) 
da: 
= 2cos(3x) x (—3sin(3x)) 
= —6cos(3x) sin(3x). 


(f) Here g(y) 


ile 
= aie so by the Quotient Rule 


and Composite Rule 


d d 
YG (in(cos)) — In(cos y)—(y) 


dj 
J (y) = Z wt 
v 
1 x , 
7 yv (=) (—siny) — In(cos y) 
Se ae iad 
_ _ytany + In(cos y) 


y? 
(g) Here k(t) = sin(t*) cost, so by the Product Rule 
and Composite Rule 
HW ox | tain (34\\ ong an(i2) fens 
K(t)= a inte )) cost + sin(t Vag (cos) 
= 2t cos(t?) cost — sin t sin(t”), 
(h) Here f(a) = arctan(e*’), so by the Composite 
Rule, applied twice, 
ee oe dd, 
£@) =; zr 


Tse, wr 
= ole") 
* Qne™ 
Lee 
(i) The function 
h(t) = 2sin(t + 1) — teos(t? — 1) 


involves sums, constant multiples, a product and 
composites. Using the corresponding rules, we 
obtain 


h(t) = 2cos(t + 1) 
— (1 x cos(t? — 1) +4 (—sin(t? — 1) x 2#)) 
= 2cos(t + 1) — cos(t? — 1) + 2¢? sin(t? — 1). 
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Solution 2.2 
(a) By the Quotient Rule, we have 


iB reosee 2) = ei (=) 


dx dx \ sina 
_ (sinx)(0) — 1(cos x) 
= (sin x)? 


= ql ( COS a ) 
sing / \sina 
= —cosec # cot x, 


as required, 


(b) By the Composite Rule, we have 


I 


af d 
= (aresin (7) = ea * de (i 
1 


ay/1 — (a/a)? 


as required. 


Solution 3.1 
2-2 
(a) #@)= ss 


Step 1: The denominator x + 3 is 0 when 
a = —3, so the domain of f is R except for 


3. 
Step 2; The function f is neither even nor odd. 


The only x-intercept occurs when 
0; that is, # = 2. The y-intercept is 


Step 4: Here is a sign table for f(x). 


for -a<a<a, 


a | (—00,-3) | -3 | (—3,2) | 2 | (2,00) 
2-@ + + + 0 - 
r+3 - i) + [+] + 
Fo oe ee ie 


Thus f is positive on (—3, 2), and negative on 
(—o0, —3) and (2,00). 
Step 5: The derivative of f is 
(m@+3)(-1)-(2-2)1 5 

(x +3)? ~ (w+3)?" 


f@)= 


so f"(a) <0 for all in the domain of f, Thus f 


is decreasing on (—90,—3) and (—3, 00). 


Step 6: Since the denominator is 0 when « is —3, 


the line a = —3 is a vertical asymptote. Also 


Q—a2 2-1 
fa) = 743143] 
i 1 er 
Te0 as « OS. 
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(b) 


So the line y = —1 is a horizontal asymptote. 


To locate the curve in the interval (co, —3), we 
calculate f(—4) = —6 and f(—5) = 


Thus we can sketch the following graph. 


Figure S.8 
fa) == 


+5 
Step 1: The domain of f is R, since x? +5 £ 0. 


“) 


Step 2: The function f is even because 
2 2 

+5 +5 
Step 3: The only «x-intercept occurs when x? = 0; 
that is, a =0. The y-intercept is f(0) = 0. 


f(x). 


Step 4: Without constructing a sign table, we 
can say that f is positive on (0,00) and (—co,0). 
Step 5: The derivative of f is 


x? +5)( 2) (22) 


_ __ 10x 

~ (a? +5)?" 
Without constructing a sign table, we can say 
that f" is positive on (0, 0c) and negative on 
(—00,0). Also, f has a stationary point at 0. 
Thus f is decreasing on (—oo,0) and increasing 


on (0,00). The stationary point at 0 is a local 
minimum with value {(0) = 0. 


Step 6: Since the denominator is never 0 there 
are no vertical asymptotes. Also 


fa 1 
Fa\= sare Tse 
i 
Sia ee 


SOLUTIONS TO EXERCISES 


So the line y = 1 is a horizontal asymptote. To locate the curve in the interval (—ce, -1), we 


Thus we can sketch the following graph, in calbillate i= 14): 6Gend (1.4) = 0.092 
which unequal scales have been employed again. Thus we can sketch the following graph. 


Figure 8.9 


ei? 


(x +1)? 


Step 1: The denominator (a + 1)? is 0 when 
a” =—1, so the domain of f is R except for —1. 


(c) f(a) = 


Step 2: The function f is neither even nor odd, 


Step 3: Since e*” 4 0, for x € R, there are no is 
ax-intercepts. The y-intercept is f(0) = 1. Figure S.10 


Step 4: Here is a sign table for f(a). (d) f(x) — 4a 
Step 1: The domain of f is R. 


Step 2: The function f is odd because 
f(-a) = (—a)° — 4(—2) = -2* + 4a = - f(a). 
Step 3 The x-intercepts occur when f(x) = 0; 


Thus f is positive on (—1, 00) and (—s0,—1), that is, when 
Step 5: The derivative of J is f(a) =a - 4x = x(x? — 4) =0. 
f(@)= (a + 1)?3e%* — e8* x 2(@ + 1) Thus the w-intercepts are 0,2 and —2. 
(w+1)4 ‘The y-intercept is f(0) = 0. 
= NG 2) Step 4: Here is a sign table for 
(e+! 
e3*(3 +1) f(a) = #8 — 4x = a(x? — 4) = a(x — 2)(a +2). 
7 Gaye | (—c0,—2) | -2| (-2,0) | 0 | (0,2) | 2 | 2.00) 
which has the following sign table. we z= o = 0 re | | + 
Tice widened athe 255) So | ond lel alata 
cleotide: 86 - 1 tls ler lel + 
(x +1)? = 0 aD o a Thus f is positive on (—2,0) and (2,00), and 
f(a) + ‘a Zz 0 | fa negative on (—oo, —2) and (0,2). 


Step 5: The derivative of f i 
Thus f is increasing on (—o0, —1) and (~4.00), “A 4 i ms Reel otaiis 
and decreasing on (—1,—4). Also, f has a f'(x) = 3a* —4 
stationary point at —}, which is a local = 3(2?- 4) =3(e- &) (24+), 
minimum with value f(-4) = $e! = 0,827... =3(e- 4) (+ %) 

which has the following sign table. 


Step 6: The line x = —1 is a vertical asymptote. 


Also, « |(-00,-%) 

f(x) > vc asx — oo (given) a= a - 

f(x) + 0as——oo (since e** — 0. as «+ —o0). rt a 
f@)| + 
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Thus f is increasing on (—o0, “yp; and (c) To maximum calculator accuracy: 
(,00), and decreasing on (—Jq, Jz). Also, f ae 
Ree ‘tie following stationary points: Dagan 
‘2 = 2.103 835 979, 
aya = 3.08. wg = 2.103 803 403, 
tg = 2,103 803 403. 


@ 


© —4, which is a local maximum with value 


I-F)= (-)-4(-%) = 
° Pad which is a local minimum with value 
IF) = (J)? - Fg) = — 5a = 3-08. 


Step 6: From Table 3.1, we know ie) 


(d) We obtain with a calculator 
I (v4) = 0 (to 8 d.p.). 


Thus .ry is a good approximation to a solution of 


f(x) — 00 as. + 00 jlz)=0. 
and (ce) ‘The Newton-Raphson method fails in this case 
f(a) + —00 as @ + —o0. if we choose x to be either of the stationary 
points of f, which are +1. 
Thus we can sketch the following graph. 
Solution 4.2 
(a) With 


f(z) =a —cose, 


we have f(0) =—1 <0 and f(4m) = 47> 0. 
Thus the function f changes sign in the interval 
(0, $77), so it has a zero in that interval, 


= 


Since f'(w) = 1+ sina, the Newton-Raphson 
formula is 
f(an) 


TrH1 = fr — F'@n) 


Bp — C08( 
i yr abe 
tn) 
Figure S.11 1+ sin(2,,) 
_ %psin(xn) + c08(an) ete Ree 
Solution 4.1 = {rain as) =0,1,2,...). 
(a) With (c) To maximum calculator accuracy: 
f(a) = 23 — 32 - 3, ato = 0, 


t=, 


» have f(2) =—1 =15>0.1 
we have f(2) <Oand f(3) = 15 > 0. Thus ta = 0.750363 868, 


the function f changes sign in the interval (2,3), 


so it has a zero in that interval. ag = 0.739112891, 
(b) Since f/(«) = 8x? — 3, the Newton-Raphson 4 = 0,739 085 133. 

formula is (d) We obtain with a calculator 

net = an ~ Fe} f (xa) =0 (to 9 dp). 
AL. Thus :r4 is a good approximation to a solution of 
aA — 3% —3 f(x) =0. 
(e) The Newton-Raphson method fails in this case 
-3) if we choose zo to be a stationary point of f, 


that is, a solution of the equation 


f(x) =1+sine =0, 


such as —}7. 
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